Abstract. In a previous paper we derived an expression for the dierentials in the Lyndon-Hochschild-Serre spectral sequence of a split extension G = H oQ of nite groups with coecients in a eld. Here we apply that result to the case where H and Q are elementary abelian 2-groups and char k = 2 . W e then work out a special case, in which H has rank 4 and Q has rank 2, from a class of examples constructed by Burt Totaro. Totaro proved that the spectral sequence arising from this extension could not collapse, but using our methods we are able to obtain complete information on the spectral sequence.
1. Introduction 1.1. Background. Most spectral sequences that have been used in group cohomology calculations arise from central group extensions. Recently, h o w ever, there has been growing interest in spectral sequences arising from non-central extensions. Benson-Feshbach [ 3 ] , for example, raised some questions about the vanishing of dierentials in split extensions with abelian kernel. (See also [8] .) Burt Totaro [11] then constructed an interesting family of counterexamples to answer all of these questions negatively. In particular, for each prime p, T otaro constructs a split group extension in which both kernel and quotient are elementary abelian p-groups, such that the dierential d p in the Lyndon-Hochschild-Serre (LHS) spectral sequence with mod-p coecients is non-zero. To our knowledge, this was the rst example of that phenomenon, at any prime.
Totaro's argument is simple and elegant, and manages to show d p 6 = 0 for very general reasons. Yet it gives almost no other information about the spectral sequence, and in particular it does not show what d p , or any other dierential, actually is. It therefore might be interesting to examine one of these examples in greater detail, in the hopes of gaining greater insight i n to the mystery of p-group cohomology.
We do this for the smallest of Totaro's examples, in which p = 2 and the split extension is an elementary abelian 2-group of rank 2 acting on one of rank 4. We calculate the E 2 -page (which has a very rich structure), and the dierentials d 2 .
We then show that d 3 = 0, and, by the position of the generators, it follows that E 3 = E 1 .
The calculation of the dierentials is achieved by applying the main theorem of Siegel [9] . In that paper, we g a v e a general method for calculating dierentials in the case of a split extension of nite groups. As we show in Section 2, that method Date: 9 N o v ember 1996. 1991 Mathematics Subject Classication. Primary 20J06. The author was supported by a National Science Foundation postdoctoral fellowship. 1 works out particularly elegantly in the case where p = 2 and the quotient group is an elementary abelian 2-group. Section 3 deals with the E 2 -page of Totaro's extension, and Section 4 applies the method of Section 2 to this case. That method requires the calculation of a certain twisting cochain, and an algorithm for doing this in the case where both quotient and kernel are elementary abelian 2-groups is explained in Section 5. The output of that algorithm for our example is given in Figures 2 and 3 . Though it is on the borderline of something which can be carried out by hand, we used a computer to implement the algorithm. Let k be a eld. If V is a k-module then hv 1 ; : : : ; v n i denotes the subspace spanned by v 1 ; : : : ; v n 2 V . An unlabeled tensor product will always mean \ k ".
If U and V are graded k-submodules of a graded k-algebra A, then U Vdenotes the graded k-submodule spanned by all uv, u 2 U, v 2 V . If W = U Vand the natural map U V ! W is an isomorphism then we will also write W = U V (in analogy with an internal direct sum). If G is a group, an automorphism of G, and U and V are kG-modules, then we let Hom kG (U; V ) denote the set of f in Hom k (U; V ) satisfying f(gx) = ( g ) f ( x ) for all g 2 G, x 2 U. Finally, w e use the notation common in computer science, where for a proposition P, (P) = 1 if P, else (P) = 0 .
2. Elementary abelian 2-groups 2.1. Notation. Let E = hg 1 ; : : : ; g r i be an elementary abelian 2-group of rank r, and k a eld of characteristic 2. Let X i = g i + 1 2 kEfor each i. We construct the minimal resolution P ! k as follows. Let P = kE[x 1 ; : : : ; x r ], the polynomial algebra in r indeterminates over the commutative ring kE.The grading determined by degree gives P the structure of a graded kE-module which is nitely-generated and free in each degree. Now for any r-tuple = ( 1 ; : : : ; r ) 2 N r ( N = f 0 ; 1 ; 2 ; : : : g ), let jj = P r i=1 i , g = g 1 1 g r r , and x = x 1 1 x r r . Let " (i) 2 N r be the r-tuple which is 1 in position i and 0 elsewhere. Dene the dierential on P by @(x ) = P X i x " ( i ) , where the sum is taken over all 1 i r such that i 6 = 0 , and dene the augmentation by (1) = 1, and (x ) = 0 i f x 6 = 1 .
Now suppose A is a graded commutative k-algebra on which E acts as graded algebra automorphisms. As a graded k-module, the cochains C(E ;A ) = Hom kE (P;A) may be identied with A[x 1 ; : : : ; x r ], where ax corresponds to the map which takes Proof. There is a diagonal approximation map P ! P P dened by x 7 ! P += x g (x ) . One can see this by c hecking the case r = 1 and then using the fact that the tensor product of chain maps is again a chain map. By applying Hom kE (P; ) one obtains the product described in the lemma. Theorem 2.2. There exists a twisting system for the extension G = H oQ. Moreover, given a twisting system, set = P r1 r ; we then have 2 = 0 , and the spectral sequence arising from the bigraded c omplex (E 1 ; ) e quals the LHS spectral sequence.
Proof. Dene t: k kQ Y ! Hom kG (P" G H ; P " G H ) L 2 Q Hom kH (P;P) b y t ( y ) = 1 ( j j = 1 ) + g f :
The conditions on the f are seen to be exactly equivalent to the condition that t beatwisting cochain for the group extension 1 ! H ! G ! Q ! 1, as dened in Figure 1 . In the leftmost column we give the kQ-module structure of (W W) q , and at each point ( p; q) w e give the dimension of and a basis forẼ p;q 2 . The remainder of this section will consist of a proof of this proposition. We begin by analyzing the structure of S. The same statement holds replacing M 1 with M 2 and S with S. Since k F2 A = S S , w e need to know the tensor products of these indecomposables. But the tensor product of a free module with any module is free, and furthermore we claim M 1 M 2 = kQ; M 1 k =M1kQ; kk = 2 kkQ:
The rst isomorphism can be seen using varieties (cf. Evens [7, Theorem 10 
= V ((y 1 + !y 2 )) \ V ((y 1 + !y 2 )) = f0g; wherek is an algebraic closure of k, s õ k M 1 M 2 , and therefore M 1 M 2 , is free. The other two follow from the facts that for any f.g. kQ-module U, k U is isomorphic to the direct sum of U and a projective module (cf. [ from which w e obtain part (i) of the proposition.
We now turn to (ii) . The Poincar e series for A Q is as claimed since it equals P U dim k (U Q )p U (t), the sum taken over representatives U of the isomorphism classes of indecomposable kQ-modules. We m ust next check the elements are invariant and satisfy the relations. One is helped here by the automorphism of M of order 3, dened by x 1 7 ! x 2 , x 2 7 ! x 1 + x 2 , x 3 7 ! x 3 + x 4 , x 4 7 ! x 3 . We h a v e ( q 1 ) = q 2 , ( q 2 ) = q 1 + q 2 , and similarly for z i replacing q i . So if q 1 is invariant, so is q 2 . Since z 1 is a norm, it is invariant, and therefore z 2 is as well, since the norm commutes with . Finally takes the rst relation to the second, so only the rst must be checked.
Let B be the subring of A Q generated by the x i , q i , z i . We will show that B = A Q . First we claim that the subring T of B generated by x 1 ; x 2 ; z 1 ; z 2 In particular, T has Poincar e series 1=(1 t) 2 (1 t 4 ) 2 . Now consider the subspace T + q 1 T + q 2 T + q 1 q 2 T of B. We claim that this sum is direct. To see this, suppose f 0 + q 1 f 1 + q 2 f 2 + q 1 q 2 f 3 = 0 f i 2 T Hence all the f i are 0, so the sum is direct and therefore has Poincar e series (1 + 2t 3 + t 6 )=(1 t) 2 (1 t 4 ) 2 , which equals the Poincar e series of A Q . Hence B = A Q .
We n o w turn to the relations. 4. Totaro's example: differentials We now apply Theorem 2.2 to nd the dierentials in this spectral sequence.
The Theorem requires us to nd a twisting system ff g for the group extension, and the algorithm used for doing this is described in the following section. The Figure 2 , we observe that eachf with jj = 2 takes this space into W 1 W 1 . Similarly, Figure 3 sees that the problem of calculating a twisting system for the extension G = H o Q reduces to the following two problems: (1) given 2 Aut(H), construct a map f 2 Z 0 Hom kH (P;P) satisfying f = , and (2) given d 0 and f 2 B d Hom kH (P;P), construct a map g 2 Hom kH (P;P) d+1 satisfying @ g+g@=f.
To solve these problems we n o w dene the standard contracting homotopy s 2
Hom k (P;P) 1 Problem (1) can now be solved as follows. Dene f(1) = 1, and extend this in the unique way o n P 0 . Suppose f has been dened through degree n. Then dene f(x ) = sf@(x ) for jj = n + 1, and extend to P n+1 . Then @ f( x ) = f @ ( x ), and since the x form a kH-basis of P n+1 we h a v e @ f=f @ on all of P n+1 , as required. for jj = n + 1, and extend to P n+1 , and we h a v e @ g+g@=fon P n+1 .
We call the result of this algorithm the standard twisting system. Of course, it depends on the choice of generators for H and Q, but after xing those it is welldened. We implemented this algorithm in MIT Scheme, and executed it on a Sun SparcStation 20 (see [10] for source code and output). For the Burt Group of order 64, the program also converted from the x -basis of H (H;k) to the v -basis, and producedf from f ; those algorithms are completely standard.
5.2.
Properties. It appears that much (if not all) of the data produced by the algorithm described above can be expressed by explicit, closed formulas. We will show h o w t o do this for the f where jj = 1 here. Finding similar formulas for jj > 1 is one of the important open problems in the eld, and would greatly reduce the amount of calculation required.
We will need two additional kH-algebra structures on the graded kH-module kH[x 1 ; : : : ; x r ]. The rst of these we denote by u v 7 ! u v and is dened by where ; 2 N r . This is just the \divided polynomial algebra" structure, and is associative and commutative. It also satises @(u v) = @ ( u ) v + u @ ( v ), which
